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Modified, Discrete-Vortex Method for Studying
Wing-Loading Effects on Wake Dynamics
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An inviscid model for calculating the roll up of wing-generated, vortical wakes has been developed.
The model is shown to be an efficient means of studying the dynamics of the wake in the region from
just behind the wing to the previscous-dissipation far field. The model is based on a modified discrete-
vortex method that includes the near-wing effects of the wing-bound vorticity and the fact that the wake
originates at the wing, rather than at minus infinity. Three-dimensional wakes are produced by connecting
the two-dimensional wake contours at successive Trefftz planes. The inclusion of the near-wing effects is
shown to have a relatively large influence on the wake's dynamics and final disposition. The inclusion of
rotational cores is shown to aid in smoothing the wake roll up, but appears to have little effect on the
wake's final dispersion radii.

I. Introduction

S INCE the earliest developments in the theory of aerody-
namics, it has been known that the production of lift by a

wing of finite span is accompanied by a sheet of streamwise
vorticity issued from the trailing edge of the wing, whose
semispan circulation strength is related to the lift produced by
the wing. In the case of a normal, steady, wing-load distribu-
tion, this sheet rolls up into two opposite-sense vortices com-
monly referred to as wingtip vortices, although their centers
of vorticity are, in general, less than a span apart. The strength
of these wingtip vortices F is given by

T = (1)

where W is the airplane weight, p is the air density, Ko is the
airspeed, and b' is the distance between the trailing vortices
or the vortex span. It can be seen from Eq. (1) that the strong-
est vortices occur during takeoff and landing when, in the first
case, the aircraft weighs the most, and in both cases, the air-
speed is the least. These wingtip vortices are known to pose a
hazard to following aircraft, where, depending on vortex
strength, the relative trajectories of the vortices, and the pen-
etrating aircraft, moments can be imposed on the following
aircraft sufficient to overwhelm its control capability.1"3 This
hazard poses the greatest threat to safety during landing and
takeoff, not only because the strengths of vortices are greatest,
but also because aircraft must share common corridors and the
near vicinity to the ground and low speed allow little margin
for recovery; the introduction of jumbo jets in the early 1970s
elevated wake turbulence to a major airport safety issue. Since
that time, considerable effort has been directed toward the un-
derstanding, measurement, and possible alleviation of the
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wake-turbulence hazard.1 8 These efforts (as well as early
work by Betz9 and others) have led to a fundamental under-
standing of the wake roll-up physics, and at least one known
mechanism for an instability driven destruction of the
wake.10'11 Further, the efforts have led to a general understand-
ing of the potential hazard of wakes as functions of the gen-
erating and penetrating aircraft, and have led to safe separation
criteria for landing and takeoff2'3; however, evolution in air-
craft designs may have made the categorization of aircraft into
specific groups by weight alone less appropriate.3

Efforts to directly influence the roll up of the wake by mod-
ifying the flowfield at the wing to alleviate the wake hazard
have also been undertaken; such direct intervention approaches
are referred to as technical solutions. To date, efforts at dis-
covering practical and reliable technical solutions have been
illusive8'12'13; yet, such technical solutions to the wake-turbu-
lence problem are of interest because the now, Federal
Aviation Administration (FAA)-regulation-imposed, safe-sep-
aration criteria have a direct impact on airport capacity.14 The
reader is directed to Ref. 8 for an excellent summary of many
of the wake-turbulence attenuation schemes proposed and
tested up to 1991. Rossow divides these schemes into three
categories: 1) viscosity and turbulence generators to hasten
viscous decay; 2) small-scale, vortex-instability initiators; and
3) large-scale, vortex-instability initiators. Methods investi-
gated that fall into the first two categories have either been
shown to be ineffective or impose unacceptably high drag pen-
alties when the wake-turbulence hazard is reduced. On the
other hand, large-scale vortex instability generators have been
shown to be successful in alleviating the wake hazard; how-
ever, in some cases, landing gear and ground effect have made
schemes ineffective that may otherwise have shown promising
results. These large-scale effects have been achieved by mod-
ified^ wing loads (e.g., flap deflection schedules) and by in-
jecting vortices into the wake at, but out of plane with, the
wing. These large-scale, vortex-instability schemes have been
identified by NASA as promising avenues for future research,
but to date, the reason for their effectiveness is not understood.
The common factor involved in the successful large-scale, vor-
tex-instability schemes appears to be that they involved invis-
cid vortex interactions in the near-field wake (i.e., just behind
the wing) out to the relatively near, far-field wake.

Our research has been directed toward contributing to the
understanding of why some of these large-scale, vortex-insta-
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bility schemes work and others do not. We attempted to gain
this understanding by studying the results of computations fo-
cused specifically on the near-field to relatively near, far-field
dynamics of the developing wake.15 This article describes our
principal tool in the work: a modified, discrete-vortex method
for computing the wake as it emanates from a lift-generating
wing, deforms and develops its asymptotic character into the
previscous-dissipation far field, or near far field.

Our research depended on the acquisition or the develop-
ment of a computational tool that was efficient (i.e., a large
number of input load distributions could be considered) and
met the input/output requirements of our studies. Since our
studies would be limited to the inviscid dynamics of the wake
in the near field to the near far field, Navier-Stokes-type solv-
ers were not applicable and many other computational ap-
proaches to the problem could be eliminated. For example, an
extensive modular code developed by Continuum Dynamics,
Inc., while treating the connection between the wing geometry
and the generation of spanwise and streamwise vorticity at the
wing, and treating the far field, including viscous dissipation,
specifically bypassed the initial, near-field wake dynamics by
using a Betz roll-up method.16 We also considered using a
paneling method17 or a Euler solver; however, these classes of
codes require well-defined boundary conditions that require
detailed wing-geometry information. Euler codes are also sen-
sitive to proper generation of grids and require preconditioning
to make modifications in the load distribution. Further, for our
studies the wing load was to be considered an input variable;
in both paneling and Euler codes the wing load is a conse-
quence of wing geometry and, as such, not able to be manip-
ulated directly. On the other hand, several wake-vortex studies
employed discrete-vortex methods to analyze wake dynam-
ics,18"20 and for the purposes of our work, this approach
seemed most applicable. These methods also exhibit good
computational efficiency because of the gross simplification of
the flowfield into a two-dimensional mapping of discrete-vor-
tex trajectories computed at each successive Trefftz plane in
the wake. Although many discrete-vortex codes have been de-
veloped by various researchers, no specific code was available
for our use, and, because our focus was on the near- to near
far-field dynamics, the fact that no previous studies had in-
cluded the effect of the initial near vicinity of the wing (i.e.,
the wing-bound vorticity and the fact that the wake vortices
emanate from the wing rather than at — °°) required that we
construct our own code. As will be shown later, modeling the
near-wing effects had an influence on the ultimate disposition
of the wake.

II. Code Requirements
A. Input Requirements

The code described in this article was the consequence of a
number of narrowly defined requirements. First, as described
in Sec. I, we were interested only in the dynamic evolution of
the wake in the near and near far field as influenced by the
bound spanwise vorticity at the wing and the shed streamwise
vorticity in the wake. On the other hand, we were not inter-
ested in detailed spanwise and chordwise load distributions;
we viewed the wing as simply a spanwise load (vorticity) dis-
tribution; the details of how such a distribution might be
formed were not considered other than making use of distri-
butions derived by other methods as a possible input for our
study. From a wake-dynamics point of view, the load distri-
bution was to be considered an input variable and the wake
dynamics the output variable. As such, we wanted to be able
to modify the input load distribution at the wing with little to
no code preconditioning.

B. Output Requirements
In studying the evolution of the wake we wanted to track

spatial details of the vorticity distribution, as well as the gross

parameters (computed from the vorticity distribution) of the
first and second semispan moments of vorticity (as well as
moments for less-than-full-semispan, well-identified portions
of the wake) as a function of distance downstream from the
generating wing.

The first and second semispan moments of vorticity were
useful in accessing the accuracy of the code, as will be shown;
but, they have also been used in the past to determine the merit
of given load distributions and/or vortex-injection schemes as
wake-turbulence alleviators. The first moment of vorticity
(based on the spanwise distance v) when divided by the wake
semispan circulation gives the spanwise center of vorticity vc.v.,
the distance between the left and right yc.v. being the vortex
span b' in Eq. (1). Betz was the first to show that yc.v. is in-
variant with distance from the generating wing,9 which pro-
vides an output variable that is useful in assessing the accuracy
of the code. Beyond this, an effective instability for destroying
the wake is that explained by Crow10 and now referred to as
the Crow instability. Crow showed that when a sinusoidal dis-
turbance of a most unstable wavelength is imposed on the
wingtip vortex pair (either through random perturbations or by
design), the wingtip vortices amplify the disturbance and even-
tually link, turning the wake into a series of vortex rings that
no longer poses a safety hazard on a following aircraft. Crow10

also showed theoretically, and Eliason11 confirmed experimen-
tally, that b' is a critical factor for the natural development of
the instability and breakdown of the trailing vortices (i.e., the
time necessary to amplify the disturbance grows as lib'2).

The semispan second moment of vorticity (based on the ab-
solute distance from the center of vorticity), when divided by
the semispan circulation and the square root taken, gives the
dispersion radius rD, a measure of the tightness of the wake
roll up. This moment changes with distance from the wing,
but, for a normal wing-load distribution, eventually asymptotes
to some value; once that value is attained, the wake may be
considered to be fully developed, marking the beginning of the
near far field. For the usual Oseen-type vortex,21 a plot of
tangential velocity vs radius taken through one of the wingtip
vortices starts at zero at the center of vorticity and increases
to approximately the edge of the vortex core, then folds over
to a 1/r decay outside the core. Circulation computed along
closed (for convenience) circular paths, of radius r, that com-
pletely enclose the core give the circulation strength F of the
vortex; F does not change with r as long as the core is com-
pletely enclosed by the path and the path does not contain any
other vortices. Therefore, for two vortices of the same circu-
lation, the vortex with the smallest core, and therefore, the
smallest second moment of vorticity in the far field, has the
largest maximum tangential velocity.

It should be noted that the Oseen-type vortex described ear-
lier has a rotational core. For a discrete-vortex code, the
Oseen-type rotational core characteristics may or may not be
properly represented by the code. If the vortices are repre-
sented by point vortices, then inside the core (that portion of
the vortex centered around the center of vorticity, inside of
which no vortices are contained) the flowfield exhibits no vor-
tex-associated tangential velocity, whereas outside the core
(outside a circular curve centered at the center of vorticity that
contains all, and only, those vortices associated with the par-
ticular vortex) exhibits essentially a 1/r-functional, tangential-
velocity form. If rotational, singularity cores are prescribed
to the discrete vortices for the computational-stability pur-
poses,22'24 then, depending on the singularity-core radius, the
combined vortex core (sum of all discrete vortices) can mimic
an Oseen-type vortex. In all cases the dispersion radius is gen-
erally prescribed as the nominal radius of the core.25'26 Further,
regardless of the character of the core, when comparing two
vortices with the same prescribed rotational-singularity-core
character, the vortex with the smallest core (in the far field),
and therefore, the smallest second moment of vorticity, has the
largest maximum tangential velocity. Because of this inverse
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relationship between core radius and maximum tangential ve-
locity, schemes that increase the second moment of vorticity
have been interpreted as having an alleviating effect on the
wake.8 Whether such alleviation is significant depends on the
following aircraft weight, span, and encounter trajectory.2'3

III. Computational Model
A. Input

The input into the code was the spanwise, normalized, wing-
bound vorticity distribution; number of desired wake vortices;
and desired output parameters. Within the code, the normalized
vorticity distribution was renormalized so that its ratio to a
normalized elliptical load would produce the same lift as an
elliptically loaded wing (with the same span). This renormal-
ized distribution allowed for comparisons of different distri-
butions, but constrained to the same lift. Further, renormali-
zation using the normalized elliptical load allowed direct
scaling of the results to a full-sized airplane given the air den-
sity, airplane weight, span, and airspeed. Once specified, the
distribution remained constant at the wing, i.e., the wing wake
the distribution.

B. Performance Estimations
The load distribution was used directly to compute the non-

dimensional root bending moment and induced drag. Prandtl-
lifting-line methods were used to compute the normalized
downwash distribution along the wingspan; this was, in turn,
used to compute an estimate of the nondimensional induced
drag.27

C. Discretized Initial Wake Description
The renormalized bound-vortex distribution was used to

generate the system of trailing vortices to be shed from the
wing. According to the Helmholtz law of conservation of cir-
culation, the strength of this system of vortices is given as

The spanwise center of vorticity was then computed at the
wing or at any streamwise position x in discretized form as

TOO :
dT(y)

dy

dF = -y(y) dy

(2)

(3)

where y(y) is the circulation density in the wake at the wing.
In the discretized implementation of Eq. (3), the spanwise vor-
ticity distribution F(y) was first discretized at equal span length
locations (unless discretization was sized differently for com-
parison reasons), determined by the number of vortices chosen
for the wake ny. Equal spacing was used because of the in-
tended use of exploring widely varying distributions without
the need for tailoring the spacing to the changing distributions.
The streamwise wake-vortex strengths were then set equal to
the change in bound vortex strengths at the midpoints between
each of the discretization locations. The initial wake emanated
at, and in the plane of, the wing, made up of the discretized
wake vortices at the spanwise y locations chosen for the dis-
cretization. Out-of-wing-plane vortices could also be input
with a nonzero z component to analyze the vortex injection
schemes.

This initial wake distribution, F, at y, spanwise locations,
was used to compute the center of vorticity at the wing by first
computing the semispan circulation, given by

-fJo
y(y) (4)

In discretized form, F0 is just the sum of the wake vortex
strengths over the semispan:

ny/2

1yl2

(6)

(5)

The wing-normal component of the center of vorticity zc.v. was
computed by replacing y, with zit

D. Near-Field Wake Dynamics
The present model included the effect of the wing-bound

vorticity and the influence of only that part of the wake line
vortices emanating at the wing and extending to x = +°°. The
in-Trefftz-plane components of induced velocities due to the
bound vortex segments were computed via the Biot-Savart
law integrated along each segment of the bound vortex based
on its distance and position from the particular wake vortex at
its location in a Trefftz plane, located at a downstream distance
x from the wing. It should be noted that the bound-vortex
influence on the wake for most of our studies was computed
assuming that the bound vortex was upstream from the trailing
edge of the wing a distance of approximately the wing root
chord; the rational for this choice was similar to that presented
by Moran28 in describing the lumped-vortex method, and this
distance could be adjusted to better approximate the angle that
trailing edge of the wing might make to the freestream. At a
Trefftz plane a distance x from the wing, the Biot-Savart in-
tegration to compute the induced velocities of the wake vor-
tices extended upstream a distance —x, and downstream to
+00; thus, at the wing, the induced velocity would be only half
that induced by the wake vortices for Trefftz planes located in
the far field. The sum of all of the induced velocities (wing-
bound and wake) at the location of each wake vortex was then
used to displace the vortices in the next Trefftz plane (a dis-
tance VooAf downstream) by multiplying the summed velocity
by Af.

£. Rotational Cores and Stability
Finite rotational cores for each discrete vortex were first

employed to stabilize calculations by Chorin and Bernard22 and
have been routinely used by other researchers for that purpose
since then. In our model, we used the Chorin and Bernard
functional form for the cores. Depending on the intended use
of the results, core radii of from zero to up to six wing-dis-
cretization vortex spacings have been used (in all cases the
cores were introduced as linearly expanding radii from zero at
the wing to the full specified core radius by xls = 0.1). It
should be noted that the introduction of rotational cores is akin
to defining the thickness of the viscous shear layer29; as such,
the larger the cores, the thicker the layer. Thicker layers tend
to suppress the smaller-scale Kelvin-Helmholtz instabilities,
thereby smoothing the physical roll up; larger cores have the
same effect of smoothing the numerical roll up by suppressing
the smaller-scale instabilities.22 Thus, adding the cores tends
to smooth the roll up, but such smoothing may or may not
mimic the physical situation being modeled. Other effects of
adding the cores are discussed in a later section.

F. Asymptotic Dynamics of the Wake
At any Trefftz plane sufficiently far downstream of the wing

(x/b > 2.0), the wake vortices were treated as line vortices,
normal to the Trefftz plane, of strength consistent with that
assigned at the wing by the discretization of the spanwise vor-
ticity distribution. The fact that these vortices may have third-
dimension curvature was neglected. The induced velocities in
the Trefftz plane on each vortex due to the presence of all
other vortices in the plane were computed via the Biot-Savart
law, and the effect of the bound vortices computed as discussed
earlier. These velocities were then used to displace the vortices
in the y-z plane by multiplying the induced velocities times
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the time step Af, and translating the new locations in the x
direction to the next Trefftz plane a distance Ko Af downstream.

G. Wake Descriptors
At any Trefftz plane, the locations of the vortices defined

the structure in the wake. Using the vortex strengths and lo-
cations, the semispan y and z centers of vorticity were calcu-
lated as in Eq. (6). The semispan, second moment was then
computed in discretized form as

ny!2

- ?c-v.)2 + fe -

From which the dispersion radius could be computed as

(7)

(8)

IV. Code Validation
A number of studies were done to validate the code by look-

ing at self-consistency measures and by comparing the code's
results to results by others using both discrete-vortex and other
methods. It is difficult to define accuracy in the usual sense
when dealing with discrete-vortex methods because, as has
been well documented,22*23 the use of vortex methods is a trade-
off between spatial resolution, temporal resolution, and nu-
merical stability. Since theoretically, a point vortex has tan-
gential velocities that approach infinity as distance from its
center r approaches zero, for a given time step there is a lim-
ited distance between vortices that yields any physically mean-
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Fig. 2 Relative error in the dispersion radius as a function of
time step.
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Fig. 3 Comparison of the method by a) Siddiqi18 with the b)
present study for a linearly loaded wing. Times shown in Fig. 3a
are related to the nondimensional times of the present study by
multiplying by ITT; curves in Fig. 3b are for equivalent times.

ingful results.19 This tradeoff between resolution, stability, and
meaningful results has been dealt with in many ways, includ-
ing the introduction of rotational vortex cores10'22'24 and as
simply as decreasing resolution. In our case, we used both
limited resolution and, when applicable, included rotational
cores.

A. Resolution
Resolution sufficiency was determined against two criteria:

1) retaining a reasonable time step that maintained numerical
stability on the one hand (cf., as discussed later) and 2) the
ability to reproduce known analytic solutions on the other. For
example, given an elliptic load distribution, it can be shown
analytically that the nondimensional, semispan center of vor-
ticity, yc.v. (i.e., Vc.v/5, where s is the semispan), is located at
7T/4. The code was tested over a range of number of vortices
ny to determine how accurately yc.v. was computed. Figure 1
shows the accuracy in computing jc.v. compared to the theo-
retical value yc.v.t, as a function of a number of vortices used
to describe the wake. For most of our studies 40-60 vortices
were used.

B. Time Step
Studies to determine time-step sufficiency can be deceptive;

we had initially begun with relatively large time steps and
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Fig. 4 Comparison of the method by a) Siddiqi18 with the b) pres-
ent study for a parabolically loaded whig. Tunes shown hi Fig. 4a
are related to the nondimensional tunes of the present study by
multiplying by 2-xr; curves hi Fig. 4b are for equivalent tunes.

decreased them until smooth roll ups were obtained. Obtaining
smooth roll ups is comparable to satisfying the Westwater cri-
teria referred to by Moore19; however, time-step convergence
studies illustrated that time-step sizes, sufficiently small to pro-
vide smooth roll ups, yet still too large for convergence, had
a stabilizing effect on the wake roll up.

Computations of the vortex trajectories from one Trefftz
plane to the next assume that the individual induced trajectory
from one vortex on another yields a straight path; however,
individual induced trajectories should be circular arcs. The
larger the time step, the more inaccurate the inferred trajec-
tories become. For an elliptical load, time steps sufficiently
small to provide smooth roll ups yet too large for convergence
yield dispersion radii computed at successive downstream
Trefftz planes that are consistently larger than the time-step
converged radii. In effect, this range of time steps introduces
a numerical dissipation that tends to diffuse the wake. The
dispersion radius for an elliptical load distribution, with no
near-wing effects, was computed at x/s = 4.0 over a range of
nondimensional time steps from 0.1 to 1 X 10~4. The nondi-
mensional time step is given by

Af= btVJs (9)

A plot of the error in the dispersion radius as a function of
nondimensional time step is given in Fig. 2 for ny = 50. The
computed dispersion radius from x/s = 0.0 to 4.0 at a A? = 1
X 10~4 were compared to calculations by Clemenceau30 and
found to be in excellent agreement. Although most of our stud-
ies used a A? = 1 X 10~3 or smaller, because of the roll-up

a)
•CO -J8 -JR -.4 -.Z O .2 A .* ,S 1.0

b)

C)

Fig. 5 Comparison of the present method with that by Rossow20

for a step-span-loaded wing, a) Span loading, b) vortex wake
shape, and c) present study.

behavior dependence on time step, occasionally care had to be
taken to match the time step used by others when comparing
results.

C. Comparisons with Other Discrete-Vortex-Method Results
The computed vortex locations in a given Trefftz plane were

compared with published results from other discrete-vortex
methods; three examples are given in Figs. 3-5. In all of these
examples no near-wing effects (wing-bound vorticity and non-
infinite vortex wake) were used because the published exam-
ples had not incorporated these effects.

It was shown by Siddiqi18 that the vortex wake generated
by a wing with a linear load distribution (in the absence of
near-wing effects) rotates around the nondimensional span lo-
cation y = V2/2 « ±0.707, as shown in Fig. 3a. Successive,
time-converged wake contours at the same evolving times
computed by the present code are shown in Fig. 3b. Compar-
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Fig. 6 Comparison of a) the present method (spanwise load dis-
tributions) with that by b) Yeh and Plotkin17 at xlb = 1.69 for a
rectangular wing with a 5-deg flap deflection.
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Fig. 7 Trefftz planes computed at xls - 1.7 using a) no cores, b)
core radii equal to two times the initial vortex spacing, and c) core
radii equal to three times the initial vortex spacing.

ison between Figs. 3a and 3b show that the rotation position
is preserved and wake contours at successive times are in rel-
atively good agreement.

Siddiqi also showed that for a parabolic load distribution (in
the absence of near-wing effects) the y intersects of the suc-
cessive wake contours remain at a fixed spanwise station de-
fined by y ** ±0.84. Figure 4 compares Siddiqi's results to
those of the present code. Siddiqi used 60 vortices to represent
the wake with unequal spacing; in the present results the same

number of vortices were used; however, only approximately
the same unequal spacing was used. As can be seen in Fig. 4,
the crossing is preserved and the approximate shape at corre-
sponding times is close to that by Siddiqi.

For the final example, Rossow showed that a stepped-span
loading, as shown in Fig. 5a, produces a vortex wake that
translates as approximately a planar sheet without undergoing
roll up (Fig. 5b, Ref. 20). The wake shape resulting from this
load distribution, as generated by the present code neglecting
near-wing effects, is shown in Fig. 5c; as in Rossow's results,
the wake remained approximately planar. Comparisons of this
kind demonstrated that there were no obvious systematic errors
in the present code's calculations of the wake.

D. Comparisons with Paneling Codes
Figure 6 shows a comparison of the present code to a com-

putation for a rectangular wing having an AR of 8, clean and
with partial flaps deployed at 2 and 5 deg, as computed by
Yeh and Plotkin using a vortex panel method.17 The bound-
vortex strength distributions for the clean wing and the two
flap settings are shown in Fig. 6a. The results of the present
study for an approximation with 40 trailing vortices for a flap
deflection of 8f = 5 deg are shown in Fig. 6b, overlaid with
those of Ref. 17. Although not identical, the two are in fair
agreement and both capture similar characteristics of the wake
roll up. The other two cases (clean wing and 8f = 2 deg) are
not shown here, but were in closer agreement than that for
8f = 5 deg (Ref. 31). It should be noted that the authors of
Ref. 17 specifically state that their method was "limited to
calculations with less than one turn of roll up." Consequently,
the length of the wake had to be limited to two wingspans; we
had no such roll-up limitation, demonstrating, in our mind, that
a discrete-vortex method is more properly suited to the study
of the wake dynamics than a panel code; on the other hand,
the panel code is capable of producing the spanwise load dis-
tributions given the wing geometry, a function that vortex
methods are incapable of performing.

E. Effect of Rotational Core Size
As mentioned earlier, the effect of adding rotational cores is

to stabilize the roll up by suppressing the small-scale instabil-
ities (up to the order of the core radii). While the use of ro-
tational cores changes the details of the rolled up cores, es-
pecially in the central region, the use of cores with radii up to
six times the wing-discretization distances Ay had only a minor
effect on the computed dispersion radii at all stream wise lo-
cations. For an elliptically loaded wing discretized using 50
vortices and in the absence of near-wing effects, the computed
dispersion radii for core radii of from 0.0 to 6A;y, at xls = 4.0,
differed by less than 0.6%. The effect on smoothing the roll
up for the same conditions is demonstrated in Figs. 7a-7c,
that show Trefftz planes at xls = 1.7, with core radii of 0.0,
2.0, and 3.0Ay, respectively. As different as the geometric pat-
terns in the central region of the roll ups are, their dispersion
radii are essentially the same. Thus, it can be concluded that
a smooth and regular roll up is not required to determine the
evolution of dispersion radii.30

V. Near-Wing Effects
A. Vertical Trajectories

While the spanwise center of vorticity remains constant with
distance downstream from the wing, its out-of-plane, vertical
trajectory z(x) does not. Figure 8 shows the computed trajec-
tories for an elliptically loaded wing with and without the ef-
fect of the wing-bound vortex and with and without the semi-
infinite transition to infinite streamwise vortex filaments. Of
these trajectories, only that including the bound vortex yields
the trajectory shape observed for actual aircraft, out-of-ground-
effect wakes. This shape contains the characteristic that its
most rapid descent occurs immediately behind the wing and
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Fig. 8 Vertical trajectory of the wake center of vorticity with no
bound vorticity and the wake emanating at — °°, with no bound
vorticity and the wake emanating at the wing, and including the
effect of the bound vorticity with the wake emanating at the wing.
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Fig. 9 Development of the dispersion radius with no bound vor-
ticity and the wake emanating at —°°, with no bound vorticity and
the wake emanating at the wing, and including the effect of the
bound vorticity with the wake emanating at the wing.

settles out to its asymptotic descent rate. As is clear from com-
paring all three trajectories in Fig. 8, the initial more-rapid
descent rate is due to the wing-bound vorticity, with asymp-
totic descent rate being due to the self-induction rate of the
streamwise vortices on each other. As such, the near-wing ef-
fects (the wing-bound-vorticity effect in particular) are re-
quired to produce the observed characteristic of in-flight, wake
trajectories; this implies that near-wing effects should be in-
cluded in computing the evolution of the wake.

B. Second Moment of Vorticity/Dispersion Radius
Unlike the first moment of vorticity that may be computed

at the wing and remains invariant with distance downstream
from the wake, the second moment of vorticity changes with
position from the wing. Figure 9 shows the evolution of the
dispersion radius for an elliptic load distribution out to a dis-
tance of xls = 4.0, with and without the effect of the wing-
bound vorticity and with and without the semi-infinite transi-
tion to infinite streamwise vortex effect. Of the two near-wing
effects, it is clear that the least important is the effect of the
wake beginning as semi-infinite vortices at the wing. On the
other hand, the wing-bound vorticity has a relatively large
effect on the development and ultimate disposition of the
dispersion radius. It should be noted that the bound-vorticity
effect was displaced upstream by 0.5 s (cf., discussed pre-

viously, which resulted in an effective angle of attack of ap-
proximately 7 deg. Even at this relatively modest effective
angle of attack, Fig. 9 shows that the wing-bound vorticity
acts to disperse the wake vortices more than predicted if the
bound vorticity is neglected.

VI. Conclusions
This article has described a discrete-vortex method for com-

puting the inviscid dynamics of a wake issuing from a lift-
producing wing. The method is essentially similar to discrete-
vortex methods used by others; however, near-wing effects are
included in the present method. The inclusion of wing-bound
vorticity and noninfinite-wake effects has been shown to have
a relatively large effect on both the vertical trajectory of the
wake, and, more importantly, the final disposition of the wake,
as shown by the effect on the dispersion radius. Results pre-
sented here also demonstrate that a relatively crude discreti-
zation of the wake retains good fidelity in describing the wake
dynamics within the limitations and approximations of a dis-
crete-vortex method; a reasonable number of wake-represent-
ing vortices appears to be from 40 to 60. If smooth roll ups
are of interest, rotational cores can be used; however, up to
the core sizes studied, use of rotational cores does not appear
to effect either the development or the final disposition of the
wake dispersion radii. This latter result indicates that smooth,
nonchaotic-looking wakes are not necessarily required to study
the development of the wake. Studies of time convergence also
uncovered the unexpected result that use of time steps suffi-
ciently small to produce smooth-appearing roll ups, but larger
than those needed to time converge the solution, introduce a
numerical dissipation into the computation. This numerical dis-
sipation has two effects: the first is that roll ups can develop
smoothly to relatively large times/distances downstream, that
would otherwise have become chaotic in the case of a time-
converged solution. Second, this numerical dissipation causes
the dispersion radius to continue to grow indefinitely (e.g., in
the case of an elliptical load) rather than asymptoting to a
constant value. This finding suggests that careftil attention
must be given to time steps when comparing computed results
by other researchers. Finally, it should be mentioned that the
present implementation of the discrete vortex method provides
an efficient code to investigate large numbers of wing-load
distributions; a typical run, using 40 vortices and following the
wake development to 10 spans downstream of the wing, re-
quires approximately 3 min on a Sun SPARCstation 5.
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